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1. Introduction

Quantum hamiltonian reduction applied to affine superalgebras leads to superconformal
We-algebras, which are infinite dimensional algebras with relations that are polynomial in
the generators. From the physical point of view the quantum hamiltonian reduction is a
procedure of BRST quantization of WZWN models with constraints. Then the W-algebra
is a symmetry algebra of the constrained model.

The quantum reduction associates to every %Z gradation on a Lie superalgebra g with
a non-zero even invariant supersymmetric bilinear form a BRST complex, the homology
of which is the W-algebra. Non—equivalent gradations on the same Lie superalgebra lead
to different W-algebras. Typical %Z gradations are those generated by sl(2) embeddings
into g: under the action of the si(2) subalgebra the algebra g decouples to a sum of si(2)
eigenspaces with half-integer eigenvalues.

The quantum hamiltonian reduction allows not only to construct W-algebras, but
also to describe their representation theory. The characters and the determinant formula
of highest weight representations of the underlying affine algebra are translated to the
characters and the determinant formula of the correspondent W-algebra representations.
Since the theory of Lie superalgebras and their Kac-Moody affinizations is relatively well
developed, the quantum reduction becomes a strong tool for study superconformal W-
algebras and their representation theory.

The study of hamiltonian reduction of Lie superalgebras has a long history. The
classical reduction is known since 1980’s [[J. The quantization of the classical reduction
is developed in [, 1, [, B]. The first three papers discuss the quantum hamiltonian
reduction of sl(NN), based on the principal sl(2) embedding to sl(N), which gives rise to
the so called Wy algebras [, E] The paper by Bershadsky [Q] is on the quantum reduction
corresponding to the non-principal si(2) embedding to si(3). The reduction results in the so
called Bershadsky—Polyakov algebra. In this case the constraints on the WZWN model are
of the second class, and “auxiliary fields” (“neutral free superfermions” in the terminology
of the present paper) have been introduced to describe the second class constraints.

The quantum reduction procedure was further developed in [[1f]: the representation
theory of the W-algebra was connected to the representation theory of the underlying affine
algebra, in particular characters and fusion coefficients of modular invariant representations
of Wiy algebras were calculated.

The subject of quantum reduction was under intensive study in early 1990’s, see for
example [[L[d] and references therein. The constrained WZWN models on Lie superalgebras
were studied in [[LH].

The quantum reduction theory was developed for the case of an integral gradation only,
or for a half-integral gradation which can be reduced to the integral one. However some
Lie superalgebras have only half-integral gradations (including the simplest one osp(1]2)).
The breakthrough was achieved only in 2003 in the series of papers by Kac et al [R1-
RJ): the quantum reduction was constructed for any Lie superalgebra with a non-zero
even invariant supersymmetric bilinear form. The structure of the resulting W-algebra
was described in detail. W-algebras corresponding to minimal gradations (“minimal” W-



algebras) were constructed explicitly. The representation theory of “minimal” W-algebras
is developed in [RJ]: the determinant formula is obtained.

The untwisted case only is discussed in the papers 23, BJ]. However the twisted sectors
(e.g. the Ramond sector) of superconformal W-algebras are of great importance in physics.
In the present paper we generalize the procedure of quantum reduction to the twisted
case. The modifications are described in detail. The determinant formula for “minimal”
W-algebras is calculated in the twisted case.

The paper is organized as follows. In section ] we introduce the framework: we recall
from [RZ the definitions of gradations on Lie superalgebras, “good” gradations, minimal
gradations. In section [ we collect all the necessary information on the main ingredients
of the construction: affine vertex algebra, superghost system, neutral free superfermion
system. Special attention is devoted to the twisted case. We recall the main points of
the general quantum reduction procedure in section f|. The modifications due to twisted
case are explained. In section [J we concentrate on the “minimal” W-algebras. In section [j
we state and prove the determinant formula for the Ramond sector representations of the
“minimal” W-algebra. Section [ contains a list of examples: quantum reduction of Lie
superalgebras of rank up to two is briefly discussed and explicit determinant formulas are
presented. Section f§ contains the discussion of results and their comparison to the results
of [24]. Appendix [A] fixes the normal ordered product conventions.

When we finished the derivation of the results of the present paper, a work by Kac and
Wakimoto [24] appeared on the net. They consider the same subject and obtain essentially
the same results as in our paper. However, since there is a conceptual difference in some
technical details (see section f§) and in the presentation style, we decided to publish our
paper.

The highest root of a Lie superalgebra is conventionally normalized by (0|0) = 2 in the
current paper. “N” is used for positive integers, “Ng” — for non-negative integers.

2. Gradation on a Lie superalgebra

We start from a simple finite dimensional Lie superalgebra g with a non-degenerate even
supersymmetric invariant bilinear form (.|.). The gradation of g is the linear space decom-
position

g= @gj, such that [g;,g;] C giy;- (2.1)
J

We say the gradation is generated by an element x € g, if the subspaces g; are eigenspaces
of ad x with eigenvalue j: [z,u] = ju for u € g;.

Fix an even element = € g, such that it generates a gradation in g with half-integer
eigenvalues: g = @je%Z g;. Denote

o> =Pe, <=Pyg; (2:2)

§>0 <0



An even element f € g_ is called good if its centralizer g/ = {u € g| [f,u] = 0} lies in g<
g/ c g<). A gradation is called good if it is generated by an even element x € gy with
half-integer eigenvalues and admits a good element f € g_1.

Typical examples of good gradations are gradations associated to the si(2) embed-
dings in the Lie superalgebra. They are called Dynkin gradations and generated by an
element of an sl(2) triple. Even elements f,z,e € g form an si(2) triple, if they satisfy the
commutation relations:

[x76] =6 [CE,f] =—f [eaf] =T (2'3)

It is known from the sl(2) representation theory that the gradation generated by x is a
good gradation. There are many good non-Dynkin gradations. Good gradations of simple
Lie algebras are classified in [ff.

If one chooses x € b, where b is the Cartan subalgebra of g, then the root elements of g
have a well defined grading. The gradation (R.1)) generates the root system decomposition:
A= Uje%Z Aj, where

Aj={aeAla(z) =j}. (2.4)

Define A< to be a set of roots corresponding to g-.:

As ={aeAla(z)>0}=]A;. (2.5)

7>0

In this paper we focus on the so called minimal gradations [J]. Minimal gradation is
a Dynkin gradation by ad x

9=9-1Pg_1/2P 00D g1/2 D 01, (2.6)

such that g_; and g; are even one-dimensional spaces, i.e. g_1 = Cf and g; = Ce, and
T = [67 f]'

Minimal gradations are obtained in the Lie algebra case by choosing s/(2) embedding
corresponding to the highest root 6: e = ug, f = u_g, where uy is the highest root element
of g. In the Lie superalgebra case the construction is the same, 6 is chosen to be the highest
root of one of the simple subalgebras of the even part of g.

Next we want to define the affine vertex algebra Vj(g) associated to the Lie superal-
gebra g. In order to proceed with a BRST quantization we should also introduce two sets
of ghost fields: the superghost system and the superfermion system.

3. Ingredients

In this section we introduce the main ingredients of the construction: affine vertex alge-
bra, superghost system, neutral superfermion system. The section may be red and used
independently from the other parts of the paper.



3.1 Affine vertex algebra

Let g be a simple finite dimensional Lie superalgebra with an even nondegenerate super-
symmetric invariant bilinear form (.|.). One associates a current u(z) to every u € g. The
collection of fields {u(2)}yecq together with a level k € C satisfying the following operator
product expansions

u(z) v(w) = (f 8”32 I 0 L) (3.1)

Z—Ww

is called the universal affine vertex algebra Vi (g).
Fix a triangular decomposition g = n~ @ h @ n*. The Weyl vector p is defined with
respect to a corresponding set of positive roots:

2 (plag) = (vi]ew), i=1,2,... ,rankg, (3.2)

where «; are simple roots of g. The Weyl vector can be computed as

1
p=5 > ()", (33)
OéeA+

where the sum is over the set of positive roots Ay and p(a) = 0 (respectively 1) for a even
(respectively odd).

The dual Coxeter number h" is defined as one half of the eigenvalue of the Casimir
operator in the adjoint representation. It can be calculated as

R = (p16) + 5(010), (3.4

where 6 is the highest root.
Let {u;} and {u’} be a pair of dual bases of g, i.e. (u;|u’) = 67. The energy-momentum
field for the affine vertex algebra Vj(g) is given by the Sugawara construction:

1 A
ngig ' ug: .
2k +hv) & (3:5)

(assuming k # —h"). The central charge of the Virasoro algebra generated by L¢ is

sdimg. (3.6)

k
= T

The currents u(z) are primary of conformal dimension 1 with respect to L(z). The mode

expansion of the affine currents is

u(z) = Z Upz "L (3.7)

ne€e(u)+7Z

where €(u) € R/Z is called the twisting of the field u. The operator product expansion (B.1)
leads to the commutation relations for the modes:

[Um; U] = M E Opino (u|v) + [u, 0], . (3.8)



The choice of €(u) should be consistent with the structure of g:
e([u,v]) — €(u) — €(v) € Z. (3.9)

In particular €(u) = 0,Vu € g (untwisted case) is always allowed. In this paper we will deal
only with the case e(h) = 0 for all h € h. (Although the case e(h) = 1/2 for some h € b is
not forbidden.) In this case all root elements u,, @ € A have a well defined twisting. Then
there is a rank g continuous parameter family of twistings, defined as following:

e(h) =0, heb,

€(uq) is any number in R/Z, « - simple root,

(3.10)

and the twistings for the basis elements corresponding to the non-simple roots are defined
by (B.9).

In the untwisted case (e(u) = 0, Yu € g) the modes m and n in the commutation
relation (B.§) are integer. Then one recognizes that it is the defining Lie bracket of affine
superalgebra g, the Kac-Moody affinization of g. The affine superalgebra g is defined as an
infinite dimensional Lie superalgebra g = g[t,t '] ® CK @ CD with commutation relations

[ut™, vt"] = [u, v] t"T" + (u, v) M gm0 K,

- . N (3.11)
[D,at™] = mat™, [K,g] =0,

where u,v € g, m,n € Z. Denoting u,, = ut™ and choosing K = kI we return to the
commutation relation (B.§). D acts on g as a minus zero mode of the Sugawara energy—
momentum field: D ~ —Lg.

The universal affine vertex algebra Vj(g) written in terms of field modes can be under-
stood as a generalization of the affine algebra g to the case of arbitrary twisting. We will
denote it by g and call it a twisted loop algebra. In many cases the twisted loop algebra g
is isomorphic to the untwisted one g. In the case (B.10) the isomorphism g — g is given
by Uan = Ua pye(u)s P(Q)n = M) + k €(ua) On0, n € Z, h(a) € b is the Cartan element
associated to the root .

There are different choices of triangular decomposition of g. We choose a natural

generalization of the triangular decomposition in the untwisted case:!

I=n @hant,
b =C[{ho | h € b,e(h) = 0} U{K, D},

~ N (3.12)
n" =C[{up|n>0,ueglU{uy|uen”, e(u) =0},
n =CHu,|n<0,ueglU{ug|uecn,e(u)=0}.
In the case €(h) = 0 the set of positive roots 3+ of g is a disjoint union of?
a,00m)|lae A_,m>0,me e(uy) + 7},

{(,0,m) |a € AL, m >0, m € e(uy) +Z},{(0,0,m) |m >0, m € Z},

! Another choice is implemented in @]
*We denote vectors in the root space by triples @ = (a(h), a(K), a(D)).



where the multiplicity of the last set is r = rankg. There are r + 1 simple roots. The
supersymmetric invariant bilinear form of g is extended to g in the standard way:

(Um|vn) = (u|v) 6man,0, u,v € g,
(D|uyy,) =0, (Kl|uy,) =0, m € e(u) + Z, (3.14)
(D|D) =0=(K|K), (D|IK) =1, n € e(v) + Z.

The Weyl vector p is defined by the set of » + 1 equations:

2(plas) = (a;|a), @; — simple roots of g. (3.15)
The Weyl vector p is not any more equal to (p, h",0) in the twisted case.
Conjecture. Let g be a twisted loop algebra with e(h) = 0. Then the Weyl vector p
defined by (B.19) is given by p = (p,h",0), where

p= E > (—1)Pa(l - 2¢,) (3.16)

is a “twisted rho”, €5 = €(uy).

We will prove this conjecture in a special case only in section [6.4.
A highest weight vector {)\> of weight A = (\, k,0) is annihilated by n* and it is an

eigenvector of the generators of the Cartan subalgebra b:
A =0, ho|A) =AMR)|A), heb,

~ (3.17)
D|Xy=0,  K|X\)=kN).

We would like to calculate the eigenvalue of Lg on the highest weight vector |X> We
do it in the case €(h) = 0. In this case €(uy) + €(u_q) € Z. We will denote €, = €(uq)
(then e(u®) = €_4) and choose

0<en <1, forae Ay and e_, = —¢,. (3.18)
In the Cartan—Weyl basis the energy—momentum field is written as

L8 = k+hv <Z Whi:+ ) uo,> . (3.19)

aEA

Using the formula ([AF) one can express the energy-momentum zero mode as

1
ngm Z( > hlhn+2hhl>

ne—1—Np n€Ng

+2 Z( S wtam (1S Umm> (3.20)

a€AL \mE—eq—Np mel—eq+Nop

+ 3 (- ( (I —€a)+(1— 26@)[ua7ua]0>

Q’EA+



The Lg eigenvalue is

LX) = W((A|A+2ﬁ)+k 3 (~DPeea(l - e ){A (3.21)

a€EA L
where €4, @ € Ay are assumed to be in the range 0 < ¢, < 1 and p is a twisted “rho”
defined in (B.1€]).
Next we would like to generalize the determinant formula to the twisted case. In the
untwisted case the determinant formula for the contravariant form on the weight space
with weight A — 7 of a Verma module Ry, with highest weight X is given by (see Ba, B3))

det; V) = I I ()\—|—p|a ——(a|a)) AEmPn®) dim s (3.22)

aeA+ neN

where P(7) is the number of partitions of 7 to the sum of positive roots, dimgg is the
dimension of the root space gg associated to the root @, and g(a,n) = (—1)1’(&)("“).

The above formula (B.29) is valid also in the twisted case, one has just to use the
twisted set of positive roots and the twisted p, defined by (B.17).

When g is a Lie superalgebra there are odd roots which lead to a cancellation of some
factors. If 7 is an odd isotropic ((y|y) = 0) root then the correspondent factor does not
depend on n, and one can evaluate the product on n explicitly. If §is odd, but not isotropic
it is a half of an even root, and then some factors corresponding to 3 and to 23 cancel each
other. As a result one expresses the determinant formula (B.29) in the more explicit way

(see [RI)):
dety(R) = (k + h") Zmncs PA-C0m) TTTT (R + 7la) — 3 (@la)

neN a

)mena) y

NP (3.23)
« 11 H(A+pw —2@3) " I+ )

nel+2Ng 5

where @ = (a, 0, m) runs on even positive roots, such that @ # 0 and 1 5@ is not an odd root;
B runs on odd positive roots, such that 25 is an even root; 4 runs on odd positive roots,
such that 27 is not a root (then (¥|7) = 0); P5 is a number of partitions not involving 7.

3.2 Superghost system

Let A be a finite dimensional vector superspace. (In application to the quantum reduction
A = g~ with flipped parity.) Let Ay = A @ A*, define an even skew—supersymmetric
non—degenerate bilinear form <.,.>q, on Aq, by

<A A>4 =0=<A", A*>y
<a, b >q = —(=1)POPE) <p* o> 4 = b*(a)

for a € A, b* € A*. We introduce a system of local fields {c(2),b(z)} (c € A,b € A*), called
a superghost? system, subject to the following operator product expansion:

(3.24)

c(z) b(w) = . _1 —<c b>cp. (3.25)

3“Charged free superfermions” in notation of [@] and [E]7 b-c or -7y system in the physical literature.



The vertex algebra of superghost fields is denoted by F'(Ag).
Let {¢;} and {b'} be the bases of A and A* such that <c;, />y, = §/. Then the

superghost system decouples to a set of mutually commuting ghost pairs:

ci(2) b (w) = & (3.26)

Z—Ww

A family of energy-momentum fields parameterized by {A(bj )} is defined by
ZA b):bide;: + Z 1— A(b)):0b¢;:. (3.27)

The field L () generates the Virasoro algebra with central charge
Ceh = 22 1POD (6A(D) — 6A(D') +1) . (3.28)

With respect to L the ghost field b%(z) (respectively ¢;(z)) is primary of conformal di-
mension A(b%) (respectively 1 — A(b?)).

The superghost system is called e-twisted if its fields have the following mode expan-
sions:

ci(z) = Z ci,nz_"_HA(bi), bi(z) = Z b;z_"_A(bi). (3.29)
nee(ci)+A (b )47 nee(bi)—A(bi)+Z

(]

The operator product expansion (B.2§) can be written in terms of commutation relations
for the modes:

. . m € e(c;) + A(b
[Ci,ma b%] = 51]'5n+m,07 ( ) ( ) (3.30)
neelt’) - AW) +
We see from here, that e(b) + €(c;) € Z. We will choose €(b%) = —e(c;).
A vacuum vector ‘ 0 >Ch is defined by the set of conditions:
Ciml|0 =0, m>A®),
" 100 ( ). (3.31)
b,0), =0, n>—A().
The energy-momentum zero mode becomes
ch _ i (bi)E(Ci) i N 1) i
Ly = Z (—1)P 5 (2A(b") +€(c;) — 1) R biZ: ] mby,ci —m
me—A(b*)—e(c;)—No (332)

—(=1)P®) Z me;—mbi,

me—A(b")+1—e(c;)+No

The first term only contributes to the vacuum energy, assuming e is taken in the range
0 < e€(c;) <1 (e(e;) = 0 corresponds to the untwisted case), i.e.

ch b; G(Ci) i
LMoY, = Z <—(—1)P( )T(QA(b )+ e(ci) — ) 10, (3.33)

See also ref. [[] where the fermionic and bosonic ghost systems are also discussed in
the case of twisted boundary conditions.



3.3 Neutral free superfermion system

Let A = Ay @ A3 be a finite dimensional superspace with a nondegenerate skew-symmetric
even bilinear form <.,.>y, i.e. it is skew-symmetric on A and symmetric on Aj and
<Aj, A1>ne = 0. A set of fields {1(2)}yeca is called a system of neutral free superfermions,
if the fields satisfy the following operator product expansions:

¥(2) p(w) ~ <, >ne, 1,0 € A (3.34)

Z—Ww

The vertex algebra of neutral free superfermions is denoted by F(Aye). In application to
the quantum reduction A = g/, and the bilinear form is defined by

<u,v>pe = (f][u,v]), (3.35)

where u,v € g1/ and f € g1 is a good element.
The energy—momentum field for the neutral free superfermion system is

1 ‘ 1 | .
L =2 > o = 5 D (1P oyt (3.36)
where {1;} and {¢'} are dual bases of A:
<, e = 8 (then <P e = —5g(—1)p<¢i>) . (3.37)

The central charge of the Virasoro algebra generated by L™ is
.
Cre = =3 sdimA. (3.38)

The neutral free superfermions are primary fields of conformal dimension 1/2 with respect
to L™.
The superfermion fields have the following mode expansions:

Pz)= > 2 (3.39)

nee()—1/2+7

Commutation relations derived from (B.34)) read

Wm ¢m] - <¢7 ¢> 5n+m,07 1/}7 ¢ S A7

nee)—1/24+7Z, mee(p)—1/2+7Z. (3.40)
The consistency condition on twistings is
e(Y) + €(9) € Z, if <, p> # 0. (3.41)
The vacuum vector | 0 >ne is defined by the following conditions:*
n]0) =0, n>0,1¢eA (3.42)

4A different set of annihilation operators is chosen in @]

,10,



If there are zero modes (it happens when €(¢)) = 1/2 for some 9 € A.) one has to specify
their action on the vacuum vector in order to complete the definition.

Next we would like to calculate the L{® eigenvalue on the vacuum vector. Using
formula ([A.J) one gets the following expression for the energy—momentum zero mode:

Iole — %Z (_1)p(¢z) Z (’I’L — %)¢z,nwl—n

i n€—1/2+¢(;)—No (3.43)
51

+ Z n -5 7/12 wz n (_1)p(wl)§€(¢i)(€(wi) - 1)

n€l/2+€(y;)+No
If —1/2 < e(y;) < 1/2 then 1; contributes —1/4(—1)P®e(h;)(e(yh;) —1) to the Lge
vacuum eigenvalue. The case €(1);) = 1/2 should be treated separately. Since Y, 1 09} =
— S (—1)PWdyia; o the first term in (B43) contributes —1/8(—1)P(*¢) to the eigenvalue,
and the overall contribution is —1/16(—1)?(¥). Finally we have

86‘ 0 >ne - (Z h?e> ‘ 0 >ne’ (344)

i
where

— 1)P(i) _ — (1
hne:{ VAU (e(w) —1). Sl < <12

b - 16—y, (i) = 1/2.
In particular the L{® vacuum eigenvalue is equal to zero when all the superfermions are
untwisted, and equal to —1/16sdimA when €(¢) = 1/2 for all ¢ € A.

4. Quantum reduction

The details of the construction can be found in [R3, R3], we reproduce here only main points
and results.

4.1 Homology complex

Let g be a simple Lie superalgebra with a good gradation on it, generated by an element
x € g, as described in section . Then one introduces three types of vertex algebras: the
affine vertex algebra Vi(g) (section B.1]), the superghost algebra F(Au,) (section B.9), and
the superfermion algebra F(Ape) (section B.3).

If the Cartan subalgebra b is untwisted (this is always assumed in the current paper),
then the root elements have a well defined twisting. If in addition one chooses x € §j, then
the root elements have also a well defined grading by z, and it is convenient to use the
Cartan—Weyl basis of g in the calculations.

Let Ay be the set of positive roots compatible with the chosen gradation, i.e. a(z) >0
if o« € Ay. Let Aj (respectively As) be a set of roots corresponding to g; (respectively
g>) as defined in (R.4) and in (R.5).

The base space for the superghost algebra is the g~ space with flipped parity. One
introduces a b-c¢ pair for each o € A~. The parity of the b-¢ pair is p(b®) = p(uy) +1, i.e. it

— 11 —



is odd, if u, is even, and even if u,, is odd. The parameter A(b%*) = 1 — A(c,) is chosen to
be equal to the gradation:
ADY) =3 if uq € gj. (4.1)

Then the central charge (B.2§) of the superghost Virasoro algebra becomes

Cn=—2 Y sdimg; (65% — 65 +1). (4.2)
jESN

For any basis element u,, v € Ay, of g1/ one should also add a neutral superfermion
with the same parity as u,. The bilinear form on g, /5 is given by (B.33).

Now we are ready to introduce an odd field d(z) in the vertex algebra C(g,x,k) =
Vk(g) & F(Ach) & F(Ane):

d= > (=1)P ugb® —% S (1Pl e b+ T (flua)b + Y b, (4.3)

aEA> a,B,7€A> aEA> a€Ay /s
where p,, = p(uy) and f ;ﬁ are structure constants of g:
[tas ug) = £]u,. (4.4)

The normal ordering is not necessary since all the fields are commutative in the d(z)
monomials.

The key feature of the field d(z) is that the singular part of its operator product
expansion with itself vanishes:

d(z)d(w) = regular in (z — w). (4.5)

The proof can be found in 23] (Theorem 2.1).
Define an operator dy on C(g,z, k) to be the first order pole in the operator product
expansion of d(z) with a field from C:

n (dog)(w) n

d(2)p(w) = ...+ (4.6)

One can deduce from the associativity condition of operator product expansions that dy is
an odd derivation of an operator product expansion, i.e.

do[d162]'? = [(dog1) 2] @ + (=1)PV) 61 (dop2)]@ (4.7)

where [AB](Q) is a pole of order ¢ in the operator product expansion of A with B:

A(2)B(w) = > 4Bz —w) (4.8)

I=—N(A,B)+N

In particular dy is an odd derivation with respect to the normal ordered product :¢1¢9: =

[P1692) ).

The following crucial feature of dy:
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is an immediate consequence of ([.5) and ({.7).
Next one builds a homology complex (C(g,x, k),dy) (“BRST cohomology” in physical
literature) of vertex algebra C with respect to dy. The homology of the complex

H(C,do) = Ker do/Ime (410)

is a vertex algebra, the quantum reduction of g with respect to z. It is denoted Wi(g, z).
A charge can be assigned to the fields in C:

charge Vi,(g) =0, charge F(Ane) =0, chargeb= —1, chargec=1. (4.11)
Then the vertex algebra C(g, z, k) has charge decomposition

C(g,z,k) = P Cm- (4.12)
meZ
The field d(z) has charge —1, hence dy lowers the charge by 1: do(Cy,) C Cp—1 and
(C(g,x,k),dy) is a Z-graded homology complex.

4.2 Twist gluing

We have three commuting vertex algebras: Vi(g), F(Ae) and F(Ape). Each of them can
be twisted in a self-consistent way as described in section B However in the quantum
reduction procedure these twistings should be related. The restrictions come from the
demand that the field d(z) should be untwisted. Denote €, = €(uy), where « is a positive
root of g. Then (since we consider the case, when the Cartan subalgebra is untwisted) we
choose €(u_q) = —€, for @ € A;. From the first term in d(z) (.J) we see that €(b%) = —e,
and therefore (see section B.2) €(cq) = €4. Let e € g be an element dual to f, then we
obtain from the third term in ([£J), that the ghost field b associated to e is untwisted
and therefore e and f themselves are also untwisted. From the last term one gets that
€(1a) = €o. Finally, we conclude that all the possible twistings are parameterized by
r = rank g numbers €,, « are the simple roots of g, modulo the condition that e(e) = 0.

There are two cases of particular interest in physics: the Neveu-Schwarz (NS) sector
and the Ramond sector. These sectors may be defined for a good gradation on any Lie
superalgebra g. The NS sector is simply the untwisted case: e(u) = 0, Yu € g. The
Ramond sector is defined by the following twistings:

uEgj,jEZ,

0
= ’ 4.13
«(v) {1/2, uweg,jel/2+7. (4.13)

4.3 Structure of the W-algebra

Here we reproduce the results of 29, B3] on the structure of Wi(g, ). The first fact is that
the Virasoro algebra is always contained in Wy(g, z). It is generated by the field L(z):

L=1L%4+ LN+ L™ 4 oz, (4.14)

where L8, L, L"® are the energy-momentum fields from sections B.1], B-3, B.3 respectively.
Due to the 0x term the conformal dimensions of affine currents are shifted from 1 with
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respect to the Virasoro field L(z): the field u(z) is of dimension 1 — j if u € g;. Then one
can easily check that d(z) is of dimension 1 with respect to L(z) and therefore dyL = 0
and that L is not in Im dy. The central charge of the Virasoro algebra generated by L(z)
is
€= cg+ Ceh + Cne — 12k(z|T)
_ ksdimg
 k+hY

(4.15)

. . ‘ 1.
- 2§sdlmgj (632 —6j+1) — 3 sdim gy /o — 12k(x|)
j

The structure of the W-algebra Wj(g,z) is described in the main theorem of [2J]
(Theorem 4.1). Let g/ = {u € g|[u, f] = 0} be the centralizer of f in g. Denote

JO =+ Z (=1)Ps£f :cqb:, (4.16)
a,BEAS

where v € g and £/, are the structure constants of g: [v,us] = 3 N ffau[;. The theorem
states that

1. The only nontrivial homology lies in Cy:

Hl(C(g,CC,k‘),do) =0, lfl#o, (417)
HO(C(Q’CU’ k‘),do) = Wk(gax)§

2. The W-algebra Wy (g,x) is strongly generated by homology classes of fields Jlai}
where a; € g/,i =1,2,...,dim g/ is a basis of g/ compatible with the gradation;

3. If a € g_; then the field J{%} is of dimension 1 4 j with respect to L(z) and J{ is
equal to J(@ plus a linear combination of normal ordered products of the fields J®),
where b € g5, 0 < s < j, the fields ¢, o € A; /5 and their derivatives.

The Virasoro field L(z) ([14) is in the same homology class as J{/}(z), and since
f € g/ the field L(2) is always part of the W-algebra W(g, z).

In the case of a good gradation g/ C g<, therefore the conformal dimensions of the
generating fields are greater or equal to 1. This is in agreement with the result of [f§], that
dimension 1/2 fields can be factored out from a W-algebra.

4.4 Highest weight modules of the W-algebra

In this section we are going to discuss highest weight representations of W-algebras W(g, x)
in a framework of quantum reduction. The discussion applies to a general twisted case.
A highest weight vector of the vertex algebra C(g,z, k) = Vi(g) ® F(Aen) ® F(Ape) is
given by
‘)\>k:|)\>x‘0>chx|0>ne' (418)

The full highest weight module Q¢ ()) is obtained by applying affine, superghost and su-
perfermion creation operators to the highest weight vector.
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One introduces highest weight representations of Wi (g, z) in the following way. First
define the mode expansions of the generating fields:

J(z) = > Jiud oA (4.19)
ne—A(u)+e(u)+2

where A(u) = 1+ j, if u € g_j, is the conformal dimension of the field J{*}(z) with
respect to the Virasoro field (.14). The W-algebra highest weight vector is annihilated
by positive modes of all the fields forming the W-algebra (W,,,n > 0,W € Wy(g,x)). One
should also treat the zero modes. First choose a set of mutually commuting (in strong
or weak sense) zero modes which is called a set of Cartan generators. Two operators
are called commutative in weak sense if their commutator is zero modulo terms which
annihilate highest weight vectors. (An example of the W-algebra with Cartan generators
commutative in weak sense is studied in [2§].) The highest weight vector is an eigenvector
of the Cartan generators and it is labelled by the eigenvalues of the Cartan operators.
Some of the non Cartan zero modes should also annihilate the highest weight vector.
One can check that the positive modes of the fields J{*}(z) annihilate the vector ‘ M) &
defined in ([L.1§):
TN, =0, n>0,uegl (4.20)

So this vector can be chosen as a highest weight vector of the W-algebra.
It is easy to see that the highest weight vector is dy closed:

do| A}, = 0. (4.21)

To get the W-algebra module My (\) one should take the dy homology of the C module:
My(A) = H(Qx(A), do).

The charge decomposition (f.19) is extended to the Qx(A) module by a field—state
correspondence (charge of the highest weight vector ‘ A > . 1s taken to be zero). Then again
only the zero charge homology of the complex (Q()),dp) is nontrivial (see Theorem 6.2
of [R3)), and one has

My () = Ho(Qx(A), do). (4.22)

Suppose there is a singular vector |§> in a highest weight module R; of the twisted
loop algebra g. Then the vector

150, =13)x[0)g x[0), (4.23)

is a singular vector in the C(g,x, k) algebra module Qx(X). This vector is dy closed and is
annihilated by positive modes of the Wi (g, ) algebra generators, therefore (if it is not dy
exact) the vector |s) , 18 also a singular vector in the W-algebra module M(A).

5. Minimal W-algebras

5.1 Structure

In the case of minimal gradation (see section f) g/ can be easily described:

o =Cfog  pod, (5.1)
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where gg = {u € go|(u|x) = 0} is a subspace of gg, orthogonal to x with respect to the
even invariant bilinear form: gg = Cx @ gg. Then the Wy(g,z) algebra is generated by a
Virasoro field, a number of dimension 3/2 fields and a number of dimension 1 fields. In
the case of minimal gradation (x|z) = 1/2, so one can rewrite the formula for the central
charge (JL.1§) in the simple form:

o ksdimg
~ k+hY
The dimension 1 fields are given by (Theorem 2.1 of [2J])

1
gy — g _ 5 Z (_1)Pﬁfvﬁa;¢5¢°‘:, v E gg, (5.3)

a,B€A1 /2

1
— 6k + 5 sdimgy o — 2 (5.2)

and the dimension 3/2 fields are given by

v v (_1)pv a3 . V,Uey o
GUr =g == Y gt D S
CHEISANYE a€ly/p

- Z (k(v|ug) + strg, (advadug )0y, v e g_q/,
OZEAl/g

where 1), means ) aqto if u =73, aqua.

The explicit form of operator product expansions of the W-algebra, corresponding to
the minimal gradation, is given in Theorem 5.1 of [2J]. The dimension-1 fields form a
subalgebra with operator product expansions:

(alb)(k + 1hY) — Lstrg, (adaadd) — J{adl}(y)

+
2 z—w

T (2) T (w) =

G—w) (5.5)
where k is the level of g and a,b € gg. If gg is simple then the subalgebra is an affine vertex
algebra in the definition of section B.]. The operator product expansion of J and G is:
Gilv.ul}
TUHz) G (w) = ; (5.6)

zZ—Ww

here v € gg and u € g_y/o. The fusion rule for two dimension 3 /2 fields:

GxG=L+J+:JJ:, (5.7)

and their explicit operator product expansion can be found in Theorem 5.1(e) of [2J].
The algebras of “minimal” type were studied from a different point of view in [[[3,
[[4]. The classification of minimal gradations on simple Lie superalgebras (see tables in
Proposition 4.1 of [BJ]) gives also a classification of minimal W-algebras.
We have the following set of operators generating the W-algebra:
L,, ne€eZ,
Giu}’ (IAS 971/2’ (S 1/2 + E(u) + Z’ (58)
JI we gg, m € e(v) + Z.
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The Cartan subalgebra is a span of
{Lo} U {J{ o € b1}, (5.9)

where h is a subspace of b, orthogonal to x with respect to the bilinear form (.|.):
h=Cz b

The Cartan generators act diagonally on the other generators. One can introduce
roots of the W-algebra. They consist of two components: the first is an eigenvalue of
ad Jév}, v € b, the second is an eigenvalue of ad Lg. Then the root system Ay, of the
minimal W-algebra Wy(g, z) is a disjoint union of

{(a,m)| v € Ag,m € €4 + Z},

5.10
{(aym) | € Aypym € L+ eo + 2}, {(0,m) |m € Z), (5.10)

where the multiplicity of the last set is = rank g, and af is the orthogonal projection of
a: of = a—3(alf).
There exists an anti-involution w on a minimal W-algebra. It is defined as

w(Ly) = Ly,
w(h = v e b,
N (5.11)
w(Jivaly = Jiv=at a € Ay,
W(Gr{zuﬁ}) = G{unieiﬁ}a BeEA_);

The proof that it is indeed an anti-involution can be found in section 6 of [23].

5.2 Representation theory
A highest weight vector ‘ A, h> is defined by

Ln, GE T AR = 0,n > 0,
Lo|Ah) =h|Ah) (5.12)
TN AR = A(w)| AR, v € B

The zero modes which are not in the Cartan subalgebra (if there are such modes) should
be treated separately. We want to split Ag and Ay /5 to positive and negative parts. The
splitting of Ag is naturally given by a set of positive roots of g: AT = AL N Ay. To split
A1/ one has to choose hg € h? such that

alhg) >0, Vae Af,

(5.13)
alho) #0, Va € Ayjy (except a = 6/2).
We introduce

Aj = {a|a € A; and a(hg) > 0},

j=-1/2,0,1/2. 5.14
Aj_ = {Oé | o € A] and Oé(h(]) < 0}, / / ( )
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The root %9 (if there is such a root) does not belong to A1, UAT,,. Note that there can

1/2 1/2°
be a few choices of the Ay, splittings corresponding to the same Aar.

Now we complete the definition of a highest weight vector:
TN ARY =0, aeAl =0,

(5.15)
Gl A n)y=0, Be AY) e =1/2,

where we denote Ji¢} = Jive} g8} = Glus} If /2 € A and €g/2 = 1/2, then there is a
fermionic operator Gé_e/ 2} Tt commutes with Cartan generators and therefore the highest

weight vector ‘ A, h> is its eigenvector:
G AR = g(A B)| A ). (5.16)

The eigenvalue g(A, h) can be calculated from the [Gé_eﬂ}, Gé_g/z}] bracket.
In the quantum reduction procedure the highest weight vector ‘ A, h> is given by

‘A,h>:|x>x|0>chx|0> (5.17)

ne’

where A and h are functions of A\ and k, which are calculated below. But first we should
complete the definition of the superfermion vacuum ‘0>ne (see B.42) by specifying the
action of superfermion zero modes on it in agreement with the second line in (f.15). From
the last term in (f.4) and since the dual superfermion is ¥ = 15_, we get that

Ya0|0),e =0, a €A, e =1/2. (5.18)

It is easy to see that this is also sufficient condition for the second equation in (p.15). The
fermion g/, is self dual, so [ng/ z,wg/ 2} = 1 (if ug/o is appropriately normalized), then
0/2 _ 1
0 ‘0>ne - E|O>ne'
Now we are ready to calculate the A(), k) and h()\, k) dependence. From (f.14) we get

h = h®+ R 4+ pm° — %()\\0), (5.19)
where (see (B.21), (B:33) and (B.49))
he = m ((A|A +25) + a§+(—1)pak eall — ea)), (5.20)
heh = %ag;p(_npaeg, (5.21)
he = —i ; (=1)P(eq — 1) (e — 20(eq — 1/2)). (5.22)
A€l s

All e, are assumed to be in the range 0 < ¢, < 1; ©(x) is the step function:

1, >0
O(r) =< 1/2, =0 (5.23)
0, =<0
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To calculate A(v) we rewrite (f.d) for the case v € b

T =t 3 (C0Payed® - 5 Y (D@, vedh  (524)
aceAs a€Ay

Then using the formula (A.§) and the definitions of |0 Den (B:31)) and |0 )e (B:42)

1

A(v) = N(v) — 3 > (“DPa)(en + #a), (5.25)
ISVAND)

where again 0 < ¢, < 1, and 3¢, is the eigenvalue of the 1,[)047_1/24_5&1,[)‘1)‘/276& operator:

0,0<e, <1/2
0, e =1/2, a€ A7,

a=1/ 2 (5.26)
L ea=1/2, a € A},
L,

1/2 <eq < 1.

and M is the projection of A orthogonal to 6:
1
A= N4 5 (A0)0, (A1) = 0. (5.27)

Then A(v) = M (v), if v € b7

We are interested mainly in two twistings:
NS sector: €a = 0Va € A, (5.28)

1/2, [ A< A1/27

5.29
0, a€lAgora=2~4. ( )

Ramond sector: € = {

In the NS sector the modes of dimension-3/2 generators are in 1/2+ 7Z, the modes of other
generators are integer. In the Ramond sector all the modes are integer. In these cases the
A, k dependence of weights A and h is easily expressed:

A=),
NS: A+2 1 5.30
h = M — —(\6), ( )
2(k+hY) 2
_ b
A=) - P12
R: 9 1 vV_1 (5.31)
o A+ po)Jrsdimgl/2 1.k _ Q) (k4R 1)
2(k+ hY) 16 = 8(k+hY) 2(k+hV)
where p1/; and pg are the “rho” vectors for AT/2 and Ag respectively:
1
=5 > (=1, (5.32)
aeAT/Q
1
i _1\Pa, — Al
=g O (1Pa=pt (53)
ozeAar
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We introduce a contravariant bilinear form B( ‘ >, ‘ b>) (with respect to the anti-
involution (p.11])) on the W-algebra Verma module M (A, h) with highest weight vector
{A h). Contravariance means that B(J|a),|b)) = ({ a),w(J)|b)), for J € Wi(g, )
and ‘ a { b € My (A, h). The form is normalized by B( ‘ A b >, > = 1. The kernel of

h).

the contravariant form B is a maximal submodule of Mj(A, In the next section we use

this property to compute the determinant of this form.

6. Determinant formula for minimal W-algebras

This section contains the main result of the current paper: the determinant formula for
minimal W-algebras in the twisted case. First we state the result: the determinant formula
for the NS sector (untwisted case) is presented in section [p.1], it was obtained by Kac and
Wakimoto in [P and is also derived in section p.4. Section .3 contains the determinant
formula for the Ramond sector, in which modes of all the fields are integer. We also include
the lengthy formula for the general twisted case in section .3 In section p.4 we prove these
determinant formulas.

Before we proceed to the determinant expressions we would like to remind to the reader
some notation: h is an eigenvalue of the Virasoro field zero mode Lg on the highest weight
vector, A(v) is the eigenvalue of the dimension 1 fields ng},v € h?. The number r = rank g.
po and py /9 are the “rho” vectors for A+ and AT/Q respectively, they are given by (5.37)
and (5.33). The partition function Py (7) is a number of partitions of 7 to a sum of positive
roots of the W-algebra, where as usual odd roots appear maximum one time in the sum.
The function g(«, n) in the degrees is

g(a,n) = (=1)paD), (6.1)

i.e. it is equal to —1 if « is odd and n is even, and equal to 1 otherwise.

We would like to stress here that the determinants are polynomials in A and h. If
q(a,m) = —1 then the degree of the corresponding factor is negative; it means that the
factor cancels some other factor as it is explained below. (And exactly as it happens in
the twisted loop algebra determinant formula (B.23)). Odd roots of a lie superalgebra are
of two types: isotropic ((a|a) = 0) or a half of an even root. If the root « is isotropic,
then the corresponding factor Nno;n does not depend on n and the product over n can be
evaluated explicitly:

H (Nnin)q(avn)PW(ﬁfn(ahvm)) — (ngn)PgV(ﬁi(ah’m)), (62)

neN

where @ = (af,m) and P§,(7) is the number of partitions of 7 to the sum of the W-algebra
positive roots not including the root « itself.

If the root « is a half of an even root, then the factor NV, 9, cancels one of the factors
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corresponding to the root 2a. For example, if there is a root /2 then one can express

T N, A, )P @ Omm) TT 22 (&, A, 12O/ P G Omm))

m,neN 1neN
me 5 +eg/o+N
ST . (6.3)
= H V. (i, A, R)Pw (1= (0.25%))
m,neN,
m—n€2Z+2¢q /2
where €g/, = 0 in the NS case and €5/ =1 /2 in the Ramond case, and
V(b A B) = NP (k, A ) = N0 (, A ). (6.4)
’ 72

Taking into account all the above remarks we proceed to the determinant formulae.

6.1 NS sector

Let § = (n,s),n € b, s € %Z. The determinant detgs(k,l\, h) of the Verma module with
highest weight (A, h) on the weight space (A —n, h + s) is given by

detNS(k, A, h) = (k + hY) ™Y Zmmen v = Omm) TT AL (o A, )P (1= (0.mm)
m,neN
x TT N2 G, A)1@m P Gn(Bm) TT NS (k, A)70m) P (=n(3,0)
A
el pedy (6.5)
x T NSk, A, pyslem P Gntatm),
OjEAl/Q

me % +Np,neN

where
Nl A) =(A+ polB) +m(k + ') = 3(88), B €A, (6.6)
N (R, Ay h) =h — m <(2(A + pola®) + 2m(k + hY) — n(aja))?
+ 2(AJA + 2p0) — (k+1)2), a €A, (6.7)
NS (ks A ) =h — m ((mlk+ 1) =)+ 2(AIA +200) = (k+ 1)), (6.8)

The partition function Py (n) is defined with respect to the root system Ay of the
untwisted (NS) sector of the vertex algebra Wj(g, ). The set of positive roots Af, is a
disjoint union of

{(a,m)|a € Ag,m € N}, {(a,0)]x € AS‘},

{(a*,m)|a € Ayja,m € 2+ No}, {(0,m)|m € N}, (6.9)

where the multiplicity of the last set is 7 = rank g.
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6.2 Ramond sector

Let 7 = (n,s),n € h*,s € Z. The determinant det%(k,/\, h) of the Verma module with
highest weight (A, h) on the weight space (A —n, h + s) is given by

det%(k,/\, h) = (k+ h\/)(r_l)Zm,neN Py (7—(0,mn)) H Nn,em(k7A7 p) P (7= (O,mn)

m,neN
% T N2, Ay Por G=rBam) TT A5k, )0 P (G=n(B.m)
ey peas (6.10)
% H N2 (k, A, p)a(en) P (f—n(afm)) H NS (k, A, p)a(en) Py (fi—n(a®,0))
a€A aceAT
el 22
where
Nk A) =(XF + pol B) + mik + 1Y) = 5(B18),  F € Ao, (6.11)
a 1 2
Nl A1) =h = s ((z(Ah + polad) + 2m(k + hY) — n(ala))
hY —
+ 20N+ 2p0) — (k +1)%) + —.  acdp, (6.12)
Nl ) =h = e (m(k 1Y) = m)? 4 208 + 270)
mLmAT 4(k + hY)
hY —2
—(k+1)%) + —. (6.13)
A in these formulas stands for
No=A+p,. (6.14)

The partition function Py (n) is defined with respect to the root system Ay of the
Ramond sector of the vertex algebra Wy(g,z). The set of positive roots A}, is a disjoint
union of

{(a,m)|a € Ag,m € N}, {(a,0)]x € AS‘},
{(af,m)|a € Ajj,m € N}, {(af,0)]a € A;F/Q}, (6.15)
{(0,m)|m € N},

where the multiplicity of the last set is 7.

6.3 General twisted sector

Let 7 = (1,8),n € h%,s € R. The determinant det%w(k:,A, h) of the Verma module with
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highest weight (A, h) on the weight space (A —n, h + s) is given by

det%w(k:,A, h) = (k+ h\/)(r—l)zm,neN Py (7—(0,mn)) H an’m(k’/\’ p)Pw (1=(0,mn))

m,neN
H Nn—n/i (k7A)Q(5,N)PW(ﬁ—N(—57m)) H Nnﬁm(k’A)Q(ﬁvn)PW(ﬁ—N(ﬁvm))
BEAT BeAd
me—eg+17Z, meeg+7Z, (6_16)
m>0,neN m>0,neN

x [T Nabulk, A, )it Pu@=n@im) T pz e (k, A, pyalesm P G-nleto)

aeAI/Q\Al/Q a€A1/2
meea+1/24Z, meeq+1/2+17Z,
m>0,neN m>0,neN
where
N (ks A) =(NF + 2°18) + m(k + ) = 3(818), B € Ao, (6.17)
1 2
@ =h - — b S0 vy
N2 (k, A, ) =h 4(k+hv)<(2()\ + Plad) + 2m(k + hY) — n(ale))
2NN 4 258 — (K 4+ hY — (5]0))
T2 Y (DM (l-6)) “ BB € Ay, (6.18)
YEA L
1 2
6 - vy _ 1\ 1 95
Nl ) =h = s <(m(k+h ) = n)” + 2\ + 27
— (kY = (310)* + 2k Y (~1)Pre (1 - ey)> —hh g (6.19)
YEAL

The twistings are assumed to be in the range 0 < €, < 1 for all & € A, the numbers h®
and A" are given in (5.21]) and (5.29) respectively, A" in these formulas stands for

1
b - _1)Pa
NM=A+ 5 E (—DPra(eq + 7a), (6.20)
OCEAI/Q

where s, is defined in (5.2€).
The function Py (n) is the partition function of the set of positive roots A;,FV of the
W-algebra Wy(g, z) in the twisted sector. A;/ is a disjoint union of

{(a,m)|a € AT, m 6 €a +Z,m >0}, {(—a,m)|a € Al ,m € —eq + Z,m > 0},
{(a®,m)|a € A, m € eq +1/2+ Z,m > 0}, (6.21)
(o, m)la € AN\ALym €+ 1/24 Z,m > 0}, {0, m)lm € N},

where again the multiplicity of the last set is r.

6.4 Derivation of the determinant formula

We prove here the determinant formula for minimal W-algebras, stated in sections p.1], .2,
6.3. To avoid very long expressions in the derivation we will do part of the calculations for
two most important cases: the NS (untwisted) sector (5.2§) and the Ramond sector (5.29).
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The determinant formula in the untwisted case was obtained in [R3], we include its deriva-
tion here for completeness. The NS and Ramond sectors are special cases of the general
twisting (see section [L.9). The computations in the general twisted case (as anywhere in
this paper the case €(fh) = 0 only is discussed) are similar to the those presented in this
section.

The factors of the W-algebra W (g, z) determinant formula are generically the same
as the factors of the underlying twisted loop algebra g determinant formula, the factors
just have to be reexpressed in terms of the W-algebra weights. The determinant formula
vanishes if and only if there is a singular vector in the Verma module. We recall from
section .4 that if there is a singular vector ‘§> in the highest weight module R of the
affine vertex algebra Vj(g) then there is a singular vector | s > ., in the corresponding highest
weight module Qg (\) of the vertex algebra C(g,x,k) = Vi(g) @ F(Ac) ® F(Ape) and it is
given by ‘ S >k = ‘§> X ‘ 0 >ch X ‘ 0 >ne. The vector ‘ s >k is dp-closed and if in addition it is
not dp-exact then it is a singular vector in the W-algebra module My (\) = Ho(Qg(N), do).
We will see that generically the vector { S > . is not dp-exact apart from a few cases listed
in the Corollary below. It also comes out that all the W-algebra singular vectors are given
by the above construction. It is proved by the standard degree counting, which shows that
there is no room for other factors in the determinant formula.

First we reexpress the factors of the affine determinant formula (B.22) in terms of the
We-algebra weights. Substituting p = (p, h",0) into (B.29) one gets the factors

Crom(N k) = (A + pla) +m(k + hY) — 2 (ala), (6.22)

where & = (a,0,m) is a positive root of the twisted loop algebra g. The “twisted rho” p is

defined in (B.1(). In the NS and Ramond cases it is equal to

NS: p=p=po+3(h" —1)0, (6.23)
Ramond: p = po + 36. (6.24)

In the untwisted case p = p in agreement with a well known fact that the Weyl vector
of affine Lie superalgebra is equal to p = (p,h",0). We will show now that the Weyl
vector p = (p,h",0) of a twisted loop algebra in the Ramond sector satisfies the set of
equations (B.IF), proving the conjecture of section B.J for the special case of Ramond
twisting. The simple roots of g are

Qs = (043,0,0),
Bs - (ﬁs - 9) 05 1/2)5 (625)
= (0,0,0),

where o and (5 are simple roots of g, such that (as|f) = 0 and (55|0) = 1/2. Compute the
products of p = (p,h",0), where p = py + 16, with our simple roots: (p|as) = (pole) =
$(ais|arg) since py is the “rho” vector for the set of roots Af; (P1Bs) = (B1Bs) — 1 + % =
(plBs) = $(BalBs) = §(Ba|Bs) since p = p+ §(h — 2); and (p]f) = 1 is trivial.

The factor ¢,%, (A, k) vanishes if and only if there is a singular vector in the g module

which appears first time on the weight space P 7, where 7 = (na,0,nm). Then (with
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exception of the cases listed in the Lemma below) there is also a singular vector in the
Wi(g, ) module with weights (A(\, k), h(\, k)) appearing first time on the weight space
(A - nof h+n (m + 1(al0))).

Let us first discuss the case («|f) = 0, which happens when oo € Ay or « = 0. Then
the factor is expressed as

e\ Ek) = A+ pfla) +m(k +RY) - B(ala), a(z) =0. (6.26)

Substituting A\ by a shifted A using (F.25) one gets exactly the factor entering to the W-
algebra determinant formula. The factor doesn’t depend on h. The corresponding singular
vector appears on the weight space (A — na, h + nm).

Now we proceed to the case (a]f) # 0. We would like to collect the factors which
give rise to the W-algebra module singular vectors on the weight space (A — nof, h+ nm).
(6%

1 , where & is a “mirror” of the root a:
n,m+3(al6)

These are two factors @ and ¢

m—%(a\@)
a=a —i(al)e. (6.27)

So the following expression is the W-algebra determinant factor for the singular vectors on
the weight space (A — na?, h + nm):

ch = _; [e7 a _
T T (k‘ + hV)(a|9)2 @n,m—%(a\ﬁ)@n,m—k%(aW) o
1 ~ 2
- (k + hV)(al6)? <%(0‘|9)2 (A +p10) =k —n")" — (6.28)

= (0 + o)+ mlk+0) - §Gala)) ") €A

Next one has to express N,,%, in terms of A and h. For that reason we rewrite (.30)
and (f.31)) as

NS: h = m (20813 + 200) + (A) ~ k= 1)* — (k+17) . (629)
1 2
h=———c (20N +2p0) + (\0) —k — Y +1)" —
Ramond: Ak + 1Y) ( RV ’ (6.30)
—(k+1)?) - =,

where in the Ramond sector formula we used the fact that sdim g/, = 2hY — 4 in the case

of minimal gradation. Note that the part including the (A|f) term is the same as in (6.2§).
So one can rewrite the determinant factor as

o 1
NS N =P = 3077 (WW +2po) — (k+1)? .
. A , .
e ((Au + pola) +m(k+hY) — g(aya)) > ,
o 1
Ramond: Nmm e m (Q(Ah’)‘h + 2[)0) - (k + 1)2 (6 32)
: 4 )\h h n (k—|-hv)—ﬂ( ’ ))2>+h\/—2 .
+ (@) (( + pola®) +m 2 (ala R
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where a € A, A¥ = A in the NS case and AT = A + pi/Q in the Ramond case.

Now we should check which of the singular vectors of type ‘ §> X ‘ 0 >ch X ‘ 0 >ne ({ §> is
a singular vector in the affine vertex algebra highest weight module RX) are dg-exact, and
so trivial in the dp-homology.

Let ‘)‘>k = {/)\\> X {0>ch X {0>ne be a highest weight vector in the highest weight
module Qx(A) of the vertex algebra C(g,z, k) = Vi(g) ® F(Ach) @ F(Ape). Define the space

€ as a span of vectors of the form ug _,, ug —p, - - ue7_m‘ A >k’ n; € N.

Lemma. In the module Qi(\) all the vectors of the form ‘%\> X ‘0>ch X |0>ne, where
|%\> is a vector in the affine verter algebra module Ry, which are dy-exact or differ from
the highest weight vector ‘)\> by a dg-exact vector, belong to the space £ or to the space

Ug,—1+eq & Where o € Ay, 1/2<eq <1 orace Al/z\Al/z, €a = 1/2.
In the case of minimal gradation dy has the following form:
do = Z (—1)paua7n71/2bgn + Z u97n71b97n
a€ly /9y nez
nEeq+1/2+7Z
1 6.33
—5 D W aa a0, + (b4 DT dand? (6.33)
QEAT/Q CXEAI/Q
ni€eaq+1/24+7Z n€eq+1/247

no€—eq+1/2+4%Z

One has to analyze the action of dy on the ghost number 1 vector cﬂ 77>, |77> € & The
action of dy on other type ghost number 1 vectors obviously can not give a vector of the
form H\> X ‘ 0 >Ch X { 0 >ne. One can easily check that

docon|n) = (r1ugn-1+7r2000)|[n),  ne—-No (6.34)

(r1 and ro are nonzero constants), proving that any vector in £ is in the same homology
class as zero or the highest weight vector ! A > - In the same way

do Coz,m{ 77> = (T?» Ua,m—1/2 + 1y womn + 75 Z Cym+my 7m1) { n
mi€—eat1/247 (6.35)

a€ljp,m<1/2, mee+1/2+17Z,

where r3, 74,75 are nonzero constants. Now we observe that the second and the third terms
in (.35) vanish or proportional to { n)ifandonly if 0 <m < 1/20rm =0, o € Ay p\AT
and by this complete the proof of the lemma.

1/2°

Corollary. The singular vectors of the form {/S\ {0 {0 o Which do not give
rise to the singular vectors in the W-algebra highest weight module are (ug,— ‘)\> nd

(Ua,—1+ea) ‘ )‘>k’ o€ Al/Q\A1/2, €a =1/2, n € N.

The direct analysis of the structure of the twisted loop algebra module singular vectors
shows that these are the only singular vectors which belong to the spaces  and uq,—14¢, §
discussed in the Lemma above.
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Figure 1: osp(1]2) root system.

Next we just collect all the factors eliminating those corresponding to the singular
vectors which belong to the spaces listed in the Lemma. This elimination affects the lower
bound for the running indices in the determinant formula. And at the end we get the
factors of the determinant formulas in sections [6.1), .2, f.3.

The degrees of the factors should not be less than the W-algebra partitions since the
singular vector generates a maximal submodule in the W-algebra highest weight module.
So one gets that the expressions in (B.5), (b.10), (b.16) are divisors of the determinant
formulas. Now by using the usual counting arguments coming from the estimation of the
power of the determinant formula one shows that actually the powers in these expressions
are already equal to the maximal estimation and therefore there is no room for other
factors. We will not reproduce here the degree counting, since it is fully equivalent to the
one performed in [2J] for the untwisted case.

7. Examples

In this section we discuss all the simple Lie superalgebras of rank up to 2 except sl(2):
sl(3), s0(5), G2, 0sp(1]2), sl(2|1), 0sp(3]2), 0sp(1|4), psi(2]2). The si(2) Lie algebra is not
presented here since there is only untwisted quantum reduction on it. The osp(1]2) super-
algebra is of rank 1, all the rest in the list above are of rank 2.

In all the examples the quantum reduction corresponding to the minimal gradation
on the Lie superalgebra is discussed. The minimal gradation is generated by the sl(2)
embedding associated to the highest root € as it is described in section B

The generating element z is normalized as (z|z) = 1/2 (since x = 6/2 and (0]0) = 2).
In the case of rank 2 algebra the orthogonal to x Cartan generator is denoted by y: y €
b, (ylx) = (y|#) = 0. We normalize it by (y|y) = £1/2, where the sign should be chosen
according to the sign of the metric in the corresponding root space direction: (y|y) = —1/2
for s1(2]1),0sp(3]2),psl(2|2) Lie superalgebras and (y|y) = 1/2 for the rest of the rank-2
examples.

We discuss only the case when the Cartan subalgebra is untwisted: e(z) = €(y) = 0.
One should note that in all the rank-2 examples there is yet another possibility: €(y) = 1/2,
which is not studied in the current paper.

At the beginning of each example there is a figure showing the root system of the Lie
superalgebra under discussion. Even and odd roots are shown by arrows of different style.

7.1 osp(1]2)

The osp(1]2) =~ B(0, 1) algebra is the simplest Lie superalgebra. It is of rank 1. The root
system is shown on figure [|. There is only one good gradation on it: the obvious Dynkin
gradation. The quantum reduction procedure on osp(1|2) is described in [PJ and [R3: one
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Figure 2: si(2|1) root system.

gets the famous N = 1 superconformal algebra, an extension of the Virasoro algebra by a
dimension-3/2 fermionic primary field.

The osp(1|2) algebra has two positive roots: 6 and 6/2. The dual Coxeter number is
hY = %sdim g1/2 +2 = 3/2. The central charge is given by (.2):

K
- k+3/2

— 6k —5/2. (7.1)
There are two possible twistings: € = €y = 0 leads to half-integer modes of the
dimension 3/2 operator (the NS sector); ¢ = 1/2 leads to integer modes (the Ramond
sector).
With a help of formula (6.J) one gets the well known [0, [, determinant formula

for the NV = 1 superconformal algebra:

dety(k,h) =[] vam(k,h)w 0520, (7.2)
m,neN,
m—neE2Z+2e
where
1 3 n.\2 2 €
nm (b B) = h — ——— k+2)— =) —(k+1)%) —=. 7.3
sl ) = = s (Ot 5) = 5% - (e 2) - ¢ &

The partition function of the N = 1 superconformal algebra can be easily expressed using
the following generating function:

oo 1—|—£Cl_1/2+6 .

=1 T’LE(%J”E)NO
7.2 si(2]1)

The sl(2|1) ~ A(1,0) algebra is a rank-2 Lie superalgebra with 4 even and 4 odd generators.
The root system (see figure ) consists of one pair of even roots (6, —6) and two pairs of odd
isotropic roots (aq, —aq; a2, —ag). The system of positive roots, for which 6 is a highest
root, is Ay = {aq, 2,0 = a1 + as}. The product between the simple roots is (aq|az) = 1.
The dual Coxeter number is hY = 1.

There is one Dynkin gradation (it is also the minimal one), which corresponds to
f = u_g. All other good gradations may be obtained from the Dynkin one by changing
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the element x, which generates the gradation. With respect to the minimal gradation
Ag = ®5A1/2 = {al,ag},A_l/Q ={—aj,—as}.

The W-algebra obtained from the minimal gradation is the N = 2 superconformal
algebra. It is generated by four fields: the Virasoro field L ~ J{f}, two dimension-3/2
fermionic fields Gt ~ J{=22} and G— ~ J{=21} and one dimension-1 bosonic current
J = 2J1} where y is defined in the beginning of section [l One has to introduce “2” in
the definition of the U(1) current J to get it conventionally normalized: then G* and G~
have U(1) charges +1 and —1 respectively. The explicit expressions for the fields can be
found in [RZ, section 7. The central charge is

c= —6k— 3. (7.5)

If €(h) = 0 then there is a one parameter family of twistings: €,, =€, €4, = 1 —¢€. The
modes of the bosonic fields L and J are integer, n € —e+1/2+Z in G} and m € e+1/2+7Z
in G,,,. The untwisted case ¢ = 0 leads to the NS sector, the case ¢ = 1/2 gives the Ramond
sector. Different sectors (different €) are isomorphic to the NS sector, the isomorphism is
given by the so called U(1) flow [R].

The separation of A/, and A_;/, to positive and negative parts (see section F.9) is
made with respect to y € hf: A;r/z = {1}, AJ_rl/Q = {—aa}, A;/Q = {as}, A:l/z ={-m}.
So in the Ramond sector GJr annihilates the highest weight state (while G, does not), since

G7 is associated to the root —ap € AT The “rho” vectors are pg = 0 and p; /5 = —%al.

—1/2°
Although the determinant formula for the general twisting can be obtained from the
NS sector determinant formula using the U(1) flow, we want to use our general formulae

from sections .2, [6.3. For the NS and Ramond sectors the determinant formula is

dets(k, g, h) = (k + 1)Zm,neN Pw (—(0,mn)) H Nn?m(k’ g, h)Pw (1= (0mn)

m,neN
H Nloq k .4, ) )(77 H Nlaz k. q, ) )(ﬁ*(*l,m))’ (7.6)
G—feJrNo mes +6+N0

where

[\

€

Nn?m(k:,q, h)=h-— m ((m(k +1)— n)2 —(¢— 6)2 — (k+ 1)2> -3 (7.7)

e 2 k1
N g, h) = h=m(m(k+1) F (g =€) = 5+~

(7.8)
g = 2A is the Jp eigenvalue, ¢ = 0(1/2) in the NS (Ramond) sector. This determinant
formula was obtained in [[l] and in [R5].

Applying the formulae in section [p.3 to the si(2|1) Lie superalgebra one gets the deter-
minant formula of the NV = 2 algebra for the case of general twisting €. It is not surprising
that after a simplification the determinant formula becomes the same as in the case of
NS and Ramond sectors (7.6)—(7.§), the only modification is that now e is a continuous
parameter in the range —1/2 < e < 1/2.
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Figure 3: si(3) root system.

The partitions are expressed as coefficients of the power expansion of the following

generating functions:

o0 l—1/2—¢ —1,1-1/24¢
1+x 1+x
[ 2 S A ety (79)
=1
1 0 (1+1.yl71/276)(1+w71y171/2+6) (1,j2)
e || 0P = > PP m) ey (710)
=1

The determinant formula for the case when the orthogonal Cartan generator y € h? is
twisted (e(y) = 1/2) is calculated using quantum reduction in [R4].

7.3 sl(3)

The root system of the sl(3) ~ Ay Lie algebra is shown on figure | We use the normal-
ization (o) = 2, the product of simple roots is (a1|ag) = —1, the dual Coxeter number
is b = 3. The quantum reduction on sl(3) is very similar to the quantum reduction
on sl(2|1), the difference comes from the fact that all the roots of si(3) are even. The
quantum reduction of the minimal gradation on sl(3) is described in [, it leads to the
Bershadsky—Polyakov algebra. The algebra resembles the N = 2 superconformal algebra,
but the dimension-3/2 generators G* and G~ are bosonic, and their operator product
expansion contains non-linear terms of type :JJ:. The central charge of the algebra is
8k

c:m—ﬁk—l. (7.11)
All the discussion of the previous subsection is applicable here. There also exists a U(1)
flow. The determinant formula is

dets(k,q,h) = (k + 3)Zm.nen Pw (7= (0,mn)) H an’m(k’ g, h)Pw (1= (O.mn)

m,neN

< JT NSk, g @ml T A2 (ks g, by P 7L, (7.12)

neN, neN,
me L —e+Ng me F+e+Ng
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Figure 4: osp(3]2) root system.

where
1 €2
NGk, q,h) = h — T3 <(m(k +3)=n)?+3(g+e)? - (k+ 1)2> +5 (7.13)
/\/n%ozz)(/g, q,h) =h— ) ((Qm(k +3)—2n+3(q + e))2+
+3(q+e)* — (k+ 1)2> + ; : (7.14)

q= %A is the Jy eigenvalue, € = ¢,, is taken in the range —1/2 < e < 1/2, in particular
e = 0 corresponds to the NS sector, ¢ = 1/2 — to the Ramond sector.
The partition generating function is

[e.9]

1
(1 _ xyl—l/Z—e)(l _ x—lyl—l/Z—f—e)(l —y

72 = ZPW(nl,ng) "y, (7.15)
=1

7.4 osp(3]2)

The osp(3|2) ~ B(1,1) Lie superalgebra has 6 even and 6 odd generators. The root
system is shown on figure [|. There are 2 pairs of even roots #, —6; aa, —ap and 3 pairs of
odd roots ay, —aq; as, —ag; ag, —ay. The products between simple roots are (ag]|ag) = 0,
(2|lag) = —1/2, (a1]ae) = 1/2. With respect to the minimal gradation Ag = {ag, —as},
A1/2 = {013, 4, Oél}.

The quantum hamiltonian reduction on the minimal gradation of osp(3|2) gives the
s0(3) invariant superconformal algebra of 27 (and references therein). Besides the energy—
momentum field, there are three bosonic dimension-1 fields generating an affine vertex alge-
bra V_yq1 /2)(sl (2)) and three fermionic dimension-3/2 fields in the triplet representation
of the sl(2):

Jt ~ J{az}, GT ~ J{*al},
J = g} G~ Jiaad, (7.16)
J~ o~ g} G~ ~ Ji-as}

The explicit reduction formulas can be found in [RJ], section 8.5. For operator product
expansions see [R7]. The central charge of the W-algebra is

c=—6k—7/2. (7.17)
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The twist numbers are parameterized by one discrete parameter o = €,, = 0 or 1/2
and one continuous parameter € = €,,. Then €4, =1 — € and €4, = 1 — € — 0. The NS
sector is obtained if € = o = 0, the Ramond sector is given by ¢ = ¢ = 1/2. There is an
isomorphism between different twisted sectors of the algebra (an analogue of the U(1) flow
in the case of N = 2 superconformal algebra):

THe TE G -G Jn = Jn + €(2k +1)0n0,

n—e? n—e> 2 1
- - B Ly Ly —eJy—€(k+3)0n0, (7.18)
Jn = Jn-l—s ’ Gn = Gn-‘,—s ’
G, — Gy,

The general twisted sector of the W-algebra with o = 0 (0 = 1/2) is isomorphic to the
NS sector (Ramond sector). We state below only the NS and Ramond sectors determinant
formulas, the determinant formula for the general twisted sector may be obtained from the
determinant formula for the NS or Ramond sector using this isomorphism.

Inserting the quantities hY = 1/2, pp = —1/2axs, p1j2 = —1/2as into the W-algebra
determinant formula one gets the following expression

detq(k,q,h) = (k + %)Zm,nEN Py (7—(0,mn)) H Vn.m (K, p)Fw (1=(0,23%))

m,neN,
m—n€2Z+20
< H Nlag /{? .q, ) V(éﬂﬂ)(ﬁ_(l,m)) H Nlon k q, ) ,M)(ﬁ_(_l,m)) (7‘19)
mE——0+N0 mes +U+N0
< TT NG )@ mam) T] A (b, )P 3ontm),

neN, meNy m,neN

where

ko 3(1-—
Vn,m(k’q’h) =h+ Z +%_

1 1 2 1 9
_m<(m(/€+§)_§) _(Q+§—O') ), (7.20)
NP (koq h) = h—m? (k + %)ij((H % —0)+ Z + W, (7.21)
1
3~ 1
Nowi (k;q) = :Fm% +m(k +3) + % , (7.22)

where ¢ = 2A is the eigenvalue of Jy, and € = 0 = 0 or 1/2. The partitions are given by

0 1+1’yl 1/2— U)(1+x lyl 1/2+U)( +yl71/2+0)
=37 myn (7.2
1 O e [ 2 Pwlmma) ey, (129
1 ﬁ(1_{_xyl—l/Q—a)(l+x—1yl—1/2+0)(1+yl—1/2+a) B
1+ ziiys2 P (1—y")2(1 — zy=1)(1 — 21y =

= Z P%l’jQ)(nl, n9) ™y, (7.24)

The determinant formula was first obtained in [R7].

,32,



A0

Yo

a,

\

Figure 5: so(5) root system.

7.5 so(5)

The root system of so(5) ~ By is shown on figure f]. There are two pairs of long roots
and two pairs of short roots. The simple roots are a; and as with product between them
(a1]ag) = —1. Other positive roots are ag = a1 + ag and € = 27 + ae. With respect to
the minimal gradation associated to 6 one has Ag = {a2, —aa}, A1 /p = {a3,a1}.

The quantum reduction corresponding to the minimal gradation on so(5) gives a W-
algebra which is generated by the Virasoro field, three bosonic dimension-1 fields forming
the sl(2) affine vertex algebra on the level ko = k + 1/2 (Vj41/2(sl(2))), and two bosonic
dimension-3/2 fields in the doublet representation of the si(2):

+ {a2}
J J 5 G+ N J{—a1}7
J=Jwh o flos) (7.25)
J= o~ g}, '
The central charge of the W-algebra is
10k

The twistings are parameterized by one continuous parameter € = €,,. Other twist

numbers are related to € as €4, = —¢, €4, = —2€. The NS sector corresponds to € = 0, the
Ramond sector is obtained when € = 1/2. The isomorphism connecting different sectors is
given by

JﬁL = J:—2ea GI = Gr—t—sa Jn = Jn —e(k + %)5n,0a

T nT o (7.27)
Iy = Jiees Gn =Gy Ly Ly —2eJ, +€*(k+35)0n0-

To write down the determinant formula for the W-algebra one uses h" = 3, pg = a/2,
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Figure 6: psl(2]2) root system.

pq o= ag /2. The determinant formula for the NS and Ramond sector is

dets(k, q,h) = (k + 3)Zm,neN Pw (—(0,mn)) H Nn?m(k7 q, h)Fw (= O.mn)

m,neN
a Py (—n(—1/2,m)) a Py (—n(1/2,m
l} N, (k, q, ) P (1=n(=1/2.m) l} N, (k, g, hyPw B=n(1/2.m) 7o)
me L erNg mek—e+Ng
« H Nnm (k,q) Pwn n(1,m)) H Nnm k q)Pw(n n(— lm))’
neN, meNy m,neN
where
JW%%gm)zh—ﬂ?%g(ﬁﬂk+$—nV+
+Qq+1+02—ﬁ—2k—%>+§, (7.29)
A@%%Nh%h):h—Z@%E5<($@q+l+e%+ka+3)—nf+
+@q+1+02—ﬁ—ﬂk—%>+§g (7.30)
N2 (kq) = +2q+14€) +m(k+3) —n, (7.31)
here ¢ = A is the Jy eigenvalue and € = 0 or 1/2. The partition function is
1 1
o (1— xl/le—l/Z—e)(l —y1)2(1 — x—1/2yl—1/2+5) (7.32)

1
X
(I—zy-H)(1 —z1yh

= Z Pw(nl, nz) .%'nlynQ.

7.6 psi(2]2)

The root system of the psl(2]|2) = sl(2]|2)/CI ~ A(1,1) Lie superalgebra is shown on
figure l. The metric in the a3 direction of the root space is negative. The even part of
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the algebra is just sl(2) @ sl(2), leading to the 2 pairs of even roots: 6, —6; a3, —a3. There
are 8 odd roots: «aj, 9, ay,as and their opposites, all of them are isotropic. The A(n,n)
type Lie superalgebras have an interesting feature: the number of simple roots is greater
than the rank of the algebra, in our case the number of simple roots is 3, and the rank is 2.
The roots a; and oy (as well as ay and «a5) coincide since the action of Cartan generators
on the corresponding root elements of the Lie superalgebra is identical, so the odd root
spaces are two-dimensional. To resolve the “degeneracy” of the odd roots one should equip
the root system with an additive “charge”: the “charge” of the even roots being zero, the
“charge” of a1 and ay4 being 1 and the “charge” of as and as being —1.

The set of simple roots for which # is a highest root is {ay,as,a3}. The products
between simple roots are (ap|ai) = (az|az) = 0, (as|las) = =2, (aslar) = (aglaz) = 1.
Other positive roots are obtained from the simple ones as ay = a1 + a3, a5 = a2 + as,
0=a1+a5=a+ .

The W-algebra obtained by the quantum reduction of the minimal gradation on
psl(2|2) is the N = 4 superconformal algebra [I]. This is a Lie algebra generated by the
Virasoro field L, three bosonic dimension-1 fields .J, J* and J~, forming an sl(2) affine ver-
tex algebra on level kg = —k — 1, and four fermionic dimension-3/2 fields G*,G~, G+, G~
in two doublet representations of the si(2):

Jt ~ Jlos}
J = g ’ B ’ (7.33)
J~ ~ gioast
The central charge of the algebra is
c=—6(k+1). (7.34)

The operator product expansions of the algebra and the explicit reduction formulas can be
found in R3] (section 8.4).

The twistings are parameterized by two numbers: €; = ¢,, and €2 = €,,. Other
twistings are expressed as €,, = —€] — €2, €4, = —€2, €4, = —€1. The NS sector is given by
€1 = €3 = 0, the Ramond sector corresponds to €; = eo = 1/2. There is a U(1) flow, which
relates different sectors [R9, in particular NS and Ramond sectors are isomorphic.

The dual Coxeter number of psl(2]2) is hY = 0. In our case Af = {as}, AIL/z

{ay, a5}, therefore pg = as/2 and pq/Q = —ai. Denoting by ¢ = A the Jy eigenvalue we

write down the determinant formula of the N = 4 superconformal algebra in the case of
NS (e = €1 = €2 = 0) and Ramond (e = €] = €3 = 1/2) sectors:

detg(k, g, h) = k>mnen PWA=Omm) TTOALO (g, p)Fw (=(0mn)
m,neN
< TI Motk g k2R 7 G2 T A% G, g, hy2R™ ™ = /2m)
m€2+E+N0 m65—5+N0
< TI Nthk,)™ @nm) T Ny (k, g) P G-n-Lm),

neN, meNy m,neN

(7.35)
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Figure 7: (G2 root system.
where
1 k42
Nl =h = g (Gbm =P =t 1/2 - 02 + 25222 (rao)
aila k42
1 (&, g, h) = b —m(km £ 2(q +1/2 — ¢)) +%—62, (7.37)
N (k,q) = F2(¢ +1/2 — €) + km + n. (7.38)
The partition generating functions are
(1 4 gl 2= 1/2=€6)2(1 4 = 1/2y-1/2 42
PW nl,ng n1 n2 7.39
) e e T U S (739

=1
1 00 (1+x1/2yl71/276)2(1+x71/2yl71/2+6)2
1+ z/1y2 ,Ul (1—y)2(1 —zy=H(1 —alyl)
=> P (ny,ng) a™y™. (7.40)

The determinant formulae were conjectured in [[Lg].

7.7 Gy

This is a simple exceptional Lie algebra with 14 generators. The root system is shown on
figure . G is the only simple Lie algebra with a root square ratio equal to 3. There are
6 long and 6 short roots. The simple roots are oy and as, the products between them are
(ar|on) = 2/3, (az|az) = 2, (a1]az) = —1. Other positive roots are as = ag + a1, a4 =
oo + 201, a5 = ag + 3aq,0 = 209 + 3.

The W-algebra obtained by the quantum reduction procedure from the minimal gra-
dation on G5 is generated by the Virasoro field, three dimension-1 bosonic fields forming
the sl(2) affine vertex algebra on level kg = 3k + 5 and four bosonic dimension—3/2 fields
in the quadruplet of the si(2):

+ o glen) G g,
T GF ~ o)
J = givsu} ’ (7.41)
(e} G~ gt
-
J J ) G__ ~ J{_a5}‘
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The central charge of the algebra is
c=—— —6k. (7.42)

The twist numbers are parameterized by one discrete parameter o, which can take
values 0 and 1/2, and one continuous parameter e: €,, = 2€,€4, = —3€ + 0, €4, = —€ +
0,€q, = €+ 0,€6q; = 3€ +0. One gets the NS sector when € = o = 0, the Ramond sector is
obtained when € = 0,0 = 1/2.

The dual Coxeter number of Gy is hY = 4, The Weyl vectors of Ag = {a1, —a;1} and
Ayjp = {ag,a3,04, a5} are pg = a1/2 and py /5 = (a4 + a5)/2. The determinant formula
of the minimal Wy (G2) algebra in the NS and Ramond sectors becomes

dety(k, g, h) = (k + 4)Smonen W@ TT p0 (1, g, )P (= Omm)

m,neN

H Nno;g(k:,q,h)PW(ﬁ’”(’?’/Zm)) H Nno%(hq’h)Pw(ﬁfn(fi/Zm))

neN, neN,

me$+o+Ng me§—o+No (7.43)
H N, (k. q, )P (= (=1/2,m)) H N2 (k,q, p) Pw (1=n(1/2,m)) '
nEN nEN

mE—+o‘+NO m€§7o'+N0

neN, meNg m,neN

where
1
P . . 2
4
+3(a+20)(q+20+1) — (k+ 1)2> +o?, (T44)
1
as(as) —h——— |4 4) — 2 1/2 2
N ) = h = g (4 +-0) = n % (a4 20 +1/2)+
4
+5(a+20)(g+20+1) = (k+ 1)2> +o%,  (7.45)
N3 (g, 1) = b — ——— (4l + 4) — 20 F (g + 20 +1/2)) %+
n,m o 4(k + 4) 3 3
4
+3(a+20)(g+20 +1) — (k+ 1)2> +o?,  (7.46)
N (k,q) = £2/3(q + 20 + 1/2) + m(k +4) — n/3, (7.47)

here ¢ = v/3A is the Jy eigenvalue and ¢ = 0 or 1/2. The partition function is

3 1
H — p3/290=1/2—0\ (1 — £1/2¢0=1/2—0) (1 — p—1/2¢l=1/2+0) (1 — 1—3/24l—1/2+0
= =y ) =iy JA =2y Y1 — 2%y ) (148)
1
= P ni M2
T2y Ay R -2 1y 2 P, na) ™y
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Figure 8: osp(1]4) root system.

7.8 osp(1]4)

The osp(1]|4) ~ B(0,2) Lie superalgebra has 14 generators: 10 even and 4 odd. The even
subalgebra is the so(5) Lie algebra. The root system is shown on figure §. There are 8
even roots and 4 odd roots. The metric in both directions of the root space is positive.
The simple roots are a; and as. The defining products are (ag|aq) = 1/2, (ag|ag) = 1 and
(a1]ag) = —1/2. Other positive roots are given by ag = ag + g, ay = 2aq + e, a5 = 20y,
0= 20[3.

The minimal W-algebra obtained from the quantum reduction of osp(1]4) is generated
along with the Virasoro field by five dimension-1 fields which form an osp(1|2) affine vertex
algebra on level kg = k + 1 and three dimension-3/2 fields in the triplet representation of
the osp(1/2):

Jt ~ glesh
§t ~ glaad Gt ~ Jglme2}
J = Jivh G ~ Ji-est (7.49)

=~ gl G~ ~ i}
J~ ~ glzes)

jT,77,G are fermionic fields, the rest are bosonic. The central charge of the algebra is

6k

= _6k—3/2. .
=55 6k — 3/ (7.50)

There is a 2 parameter family of twistings: € = €,, is continuous parameter, o = €4, is
discrete, can take value 0 and 1/2. Other twistings are expressed as €4, = 0 —¢€, €4, = 0+¢,
€as = 2¢. The NS sector corresponds to € = ¢ = 0, the Ramond sector is obtained when
e=0,0=1/2.

Inserting the values of the dual Coxeter number (hY = 5/2), of the Weyl vectors for
Af = {a1,a5} (po = as/4) and for AIL/Q
W-algebra determinant formula in section [ one gets the determinant formula for the NS

= {au4} (p1/2 = a4/2) into our general minimal
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and Ramond sectors of the minimal Wy (osp(1[4)) algebra:

det(k,q,h) = (k + g)Zm,neN Py (7—(0,mn)) H Vnm (K, h)Pw (1=(0:75%))

m,neN,
m—ng2Z+20
X N.24 (K, g, h)Pw (=n(1/2:m)) N2 (k. q, b)Pw (=n(=1/2m)
nll 7 g : (7.51)
me%foukNo mE%+o’+N0
 TT w0 G T v (b)),
neN, meNg, m,n€eN,
m—n€22Z+1 m—ne22Z+1
where
1 5 n.2
nmka 7h =h——— k o) o
Vnm(h: 0, ) 4(k+g)<(m(+2) 2)
2
+(20+0)(2q+0o+1)— (k+ 1)2> + UZ (7.52)
Neala2) (kg h) = h — 1 ((2m(/<: + §) —nt2¢+o+ 1))Q—i-
n,m » q, 4(k T %) 9 )
2
+(20+0)(2+0o+1)— (k+ 1)2> + UZ, (7.53)
Vot (K, @) = £(2q + 0+ 1/2) + m(k +5/2) —n/2, (7.54)

here ¢ = A is the eigenvalue of Jy, and o = 0 for the NS sector and o = 1/2 for the Ramond
sector. The partition generating function is given by

(9] (1 —i—:Cl/le_l)(l +yl—1/2+a)(1 +$—1/2y1) _
L(1- 2y ) (1 — 21/2y=172=0) (1 — yl)2(1 — z—1/2yi=1/240) (1 — z—1yl) (7.55)

E o n
- PW ’I’Ll,TLQ ty"2.

=

8. Discussion

We studied the quantum reduction of affine superalgebras in the twisted case. This is
also a subject of paper [R4]. The methods and the results obtained are essentially the
same. However some details and the presentation are different. The main difference is in
the choice of the triangular decomposition of the twisted loop algebra. (Compare (B.19)
with (2.6-2.9) of [24].) Also the different normal ordered product prescriptions are used
(see appendix [A]). We consider only the case when the Cartan subalgebra is untwisted
(e(h) = 0), the discussion in [R4] applies to the more general twisting than one discussed
here: the case e(h) # 0 for some h € b is also allowed.

We would like to show that our main result, the determinant for the Ramond sector
of minimal W-algebras is the same as in [24]. Take the determinant formula of Kac and
Wakimoto in [24], Theorem 4.2. The Ramond sector corresponds to Example 4.1(b) in [24].
Using the values of s, from this Example one can evaluate the determinant factors (4.8—
4.10) of [B4]. Then it is easy to see that the first type factor (a(z) = 0) coincides with our
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first type factor (B.11). The other two factors are different by an expression proportional
to

— 4 i 3 Loviv
R—4(p1/2|,01/2—{—p0)—§0'—§h (h _2)’ (8'1)
where 0 = 1, if /2 € A and ¢ = 0 otherwise, p1 /5 and pg are defined in (5.32) and (5.39)
respectively. We prove here that R = 0 for any simple Lie superalgebra g. The proof
is based on the fact that the square of the Weyl vector (p|p) does not depend on the
choice of positive roots. We calculate it first for the original choice of positive roots A, =

AE]F U Al/Q @] {9}

1/1 2
(16) = (olow) + 5 (5 sdiman 1) (5.2)

Now we define another set of positive roots A, by “flipping” the roots from A7 /2 to the

opposite ones: A = Ag U AT/2 U A:/z u{é, ag}. This set is “generated” by the element
ho + tz, where hy € h? is the Cartan element used to split Ag and Ay, to positive and
negative parts (see (5-13)), and ¢ is a sufficiently small positive number. Now the new p is

defined with respect to A, and its square

2
(plp) = (po + 2p§/2]po + 2pi/2) + % <—% o+ 1> . (8.3)
One can check that R = (p|p) — (p|p). So we proved that R = 0 and therefore the
determinant factors coincide.

The only factor which is missing in our determinant formula comparing to the formula
in [B4] is @, which is present only if /2 € A. This factor is a contribution of the Gé—€/2}
zero mode. But since (unlike [24]) we let this operator act diagonally on the highest weight
vector (see (p.14)), we do not have this factor.

The factor multiplicities are given by partition functions defined with respect to Aﬁ,
,the set of positive roots of the minimal W-algebra. The degrees are the same in the present
paper and in P4]. (Again up to a small difference in the case when there is a root 6/2:
unlike our definition (6.15), in 4] an odd root (0,0) is included in the set of positive
We-algebra roots.)
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A. Normal ordered product conventions

In this appendix we fix the normal ordering conventions. Start from the operator product
expansion of two fields:

[AB]" (w)
-

A(z)Bw) = Y

leN(A,B)—Np

(A1)

(z —w)

where N (A, B) € Z is the order of maximal singularity in the operator product expansion
of A and B. In all the formulas in this paper the normal ordering sign : : stands for the so
called point splitting normal ordering, widely used in a physical literature. It is just the
operator product expansion with singular terms removed:

1A(z)B(w): = > [AB] 7D (w)(z — w)’, (A.2)
1eNg

and then :AB:(w) = :A(w)B(w): is just the zero order term in the operator product
expansion of fields A(z) and B(w):

:AB: = [AB]©). (A.3)

In our formalism the normal ordering is affected by local properties of the fields only (when
z is close to w). Global properties such as boundary conditions do not influence the normal
ordered product.

The normal ordered product is not associative in general, :(:AB:)C: # :A(:BC"):. How-
ever if the fields are free, i.e. the singular part of their mutual operator product expansions
include the identity field only (e.g. superghosts and superfermions in this paper), then the
normal ordered product is associative.

We introduce mode expansions of the fields

A(Z) = Z An ZﬁniA(A),
ne—A(A)+e(A)+Z
ne—A(B)+e(B)+Z '
:AB:(w) = Z :AB:, w_"_A(A)_A(B),

neE—A(A)—A(B)+e(A)+e(B)+Z

where A(A),A(B),A(:AB:) = A(A) + A(B) are conformal dimensions of correspondent
fields. The twistings €¢(A),e(B) € R/Z depend on the boundary conditions. The mode
:AB:, is expressed in terms of A, and B,,:

N(A,B)

An. e(A) 0)
‘ABi, =— Y < z )[AB]n+
I=1 (A.5)
+ Z AmBn—m + (_1)p(A)p(B) Z Bn—mAm )
me—A(A)+e(A)—Ny me—A(A)+1+¢(A)+No
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€(A) € R can be any number consistent with the algebraic structure of the theory, p(A)
and p(B) are the field parities: p(A) = 0 if A is even (bosonic) and p(A) = 1 if A is odd
(fermionic). This formula is derived in appendix E of [2g], it also follows from the twisted
Borcheds identity. The formula is well known in the untwisted case (e(A) = 0), in the
twisted case there are additional terms (the first sum in (A.])) coming from the singular
part of the operator product expansion.

We would like to stress that our definition of the normal ordered product is different
from one convenient in the mathematical literature, which uses the separation of a field to
“positive” and “negative” parts (see e.g. [[[J] for details):

Ao = Y A A = YD AW, (A.6)
n>—A(A)+1 n<—A(A)+1

Then in this formalism the normal ordered product  A(z)B(w) is defined as
< A()B(w) % = A(2), B(w) + (— 1P B(w)A(z) . (A7)
It is easy to show that in the untwisted case the two definitions coincide:

Y A(z)B(w) ;= :A(2)B(2): (untwisted case). (A.8)

X

But they are in general different in the twisted case.
The advantage of the point-splitting formalism is that expressions in terms of conformal

fields (e.g. (B.H), (B-27) or (B.34)) do not change when one changes the boundary conditions.
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